Introduction
Applications of smart materials are growing and nowadays they cover from military applications to the industry of consumption. Among other applications, the following can be mentioned:
Vibration damping in sport items represents an important issue for a new generation of ski boards, tennis rackets and golf and baseball bats (Figure 1) . The goal here is to reduce vibrations in these sport items, increasing the user's comfort and preventing damage. A group composed by Boeing Company, the University of Maryland, the Massachusetts Institute of Technology, the University of California (Los Angeles) and the U.S. Army Research Office support projects for the development and application of smart materials. For example, the Smart Helicopter Rotor can be mentioned (Figure 2) , in which fibers of composite materials and piezoelectric devices are used in the blades of the helicopter rotor to attenuate vibrations and noise and also to improve the aerodynamic performance. Due to the piezoelectric effect, a portion of the mechanical energy associated with the vibration can be transformed into electric energy and dissipated conveniently, through a shunt circuit that compounds a mechanism of passive damping. Lesieutre (1998) discusses the four commonly used types of shunt circuits: resistive, resonant, capacitive and switched, as shown in Table 2 . The abbreviation PZT (lead-zirconate-titanate) refers to the piezoelectric element. This way, C PZT is the inherent capacitance of the piezoelectric patch.
Among the shunt circuits, the resonant one deserves a special attention. Compound by an inductor and a resistor, this circuit allows the tuning to any desired frequency, which will have the corresponding vibration amplitudes attenuated. In addition, improvements in the topology of the circuit make possible the simultaneous reduction of more than one vibration mode. From the mechanical point of view, the system as a whole (PZT and resonant shunt circuit) is similar to the dynamic vibration absorber.
A detailed description of the use of shunt circuit and piezoelectric devices is seen in the pioneer work of Hagood and von Flotow (1991) . In that work, the expression for the mechanical impedance introduced by the piezoelectric element connected to any type of shunt circuit coupled to mechanical systems is obtained. Two study cases are presented, showing experiments with shunt circuits, both resistive and series resonant types. 
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This circuit results a behavior that is similar to viscoelasticallydamped systems.
This circuit behaves similarly to the classical dynamic vibration absorber.
This circuit changes the stiffness of the piezoelectric element.
The most important feature of this circuit is to adjust the behavior of the circuit in response to any change in the system.
A series of papers have been reported about the present topic. Wu (1996) makes considerations about the behavior of the resonant shunt circuit in the parallel topology. Steffen and Inman (1999) use control techniques and optimization strategies in the design of both active and passive vibration reduction devices, using piezoelectric materials. Steffen et al. (2000) examine the use of passive techniques for vibration reduction combining dynamic vibration absorbers (DVAs) and piezoelectric patches coupled to resonant shunt circuits. In that work, natural optimization techniques were used in the design of the damping system. Park and Inman (2003) discuss the non-idealities of the synthetic inductor used in the shunt circuits and propose an improvement by adding capacitors in parallel to the piezo, aiming at reducing the values required for the inductance.
This work is devoted to the study of passive damping systems for single modes or multiple modes. As compared to previous contributions, this paper presents a complete study concerning resonant shunted piezoelectric, including the analytical and experimental aspects together with the synthetic inductor design. Besides, the study devoted to the multimode case represents a more realistic approach. Previous works considered the multimode case a simple extension of the single mode case. Also, the use of optimization techniques is considered a valuable contribution because no closed solution can be derived for the multimode case. The optimization results were validated experimentally. The present contribution is organized as follows: first, the modeling of piezoelectric patches coupled to shunt circuits, where the basics of resonant shunt circuits (series and parallel) are presented together with a literature review about this topic; following, the devices used in passive control (piezoelectric patch and synthetic inductorsRiordan and Antoniou types) are analyzed from both the electrical and experimental viewpoints; then the modeling of multi-degree-offreedom mechanical systems, including the effects of the passive damping mechanism is presented; in the sequence, a new design methodology for the multi-modal case is proposed. Also, the optimization method used for design purposes, namely the LifeCycle Model, is briefly reviewed. Finally, experimental results are reported, illustrating the success of using the methodology presented as applied to passive damping applications of mechanical and mechatronic structures. 
Superscripts
E value taken at constant field (short circuit) ELECT relative to an electrical parameter D value taken at constant electrical displacement (open circuit) MEC relative to a mechanical parameter RSP pertaining to resonant circuit shunting S value taken at constant strain (clamped) OPTM relative to the optimal condition PARALLEL relative to the parallel circuit topology SERIES relative to the series circuit topology SHUNT relative to the shunt circuit T value taken at constant stress (free) t transpose of the vector or matrix Figure 3 illustrates the case in which a piezoelectric patch is coupled to a shunt circuit and bonded to a flexible structure. where:
Modeling Piezoelectric Patches coupled to Shunt Circuits
• PZT is the piezoelectric patch, As in Hagood and von Flotow (1991) , the general expression that describes the behavior of piezoelectric materials, such as the one shown in Figure 3 , is written as:
where:
is the S vector of material engineering strains (non-dimensional),
• is the ε matrix of dielectric constants for the material [C /(N.m ) 
• is the electric voltage, V • is the electric current, I • is the diagonal matrix of the lengths of the piezoelectric patch, B • is the matrix of surfaces, perpendicular to the electric field, A • is the electric admittance, and
At this time, it is important to define the piezoelectric constant known as electromechanical coupling coefficient, k . Hagood and von Flotow (1991) define this constant as being the relationship between the peak energy stored in the capacitor and the peak energy stored in the deformation of the material taking into account open electrodes for the piezoelectric patch. Physically, the square of this coefficient, , represents the percentage of energy of mechanical deformation that can be turned into electric energy and vice-versa. 
where d ij is the piezoelectric material constant relating voltage in the ith direction to strain in the jth direction. To close the modeling, Hagood and von Flotow (1991) show the mechanical impedance, in the non-dimensional form, for the piezoelectric patch with a shunt circuit as defined by the equation: 
Resonant Shunted Piezoelectrics -RSPs
According to what has been seen up to now, the piezoelectric patches can be modeled as a capacitor in series with a controlled voltage source. Therefore, in order to obtain a resonant shunt circuit, the circuit shown in Figure 3 can be compound of an inductor and a resistor. The RL shunt circuit forms an RLC resonant network with the piezoelectric patch. This approach allows the dissipation of the energy associated with a given vibration mode. In this case, the strain energy (associated with the vibration) is converted into electric energy and dissipated in the form of heat, through the Joule effect. From the mechanical point of view, damping is introduced by appropriate tuning the resonance frequency of the RLC network to a given frequency related to one of the vibration modes of the mechanical structure.
Series Resonant Shunt Circuit
The resonant shunt circuit in series, as shown in Figure 4 , was proposed by Hagood and von Flotow (1991) . The same scheme can be found in Lesieutre (1998) , Steffen and Inman (1999) , Caruso (2001) , Fleming et al. (2002) , Fleming et al. (2003) and Park and Inman (2003) . An analysis of this circuit leads to the following relations:
• is the inductance, L • is the resistance, and R • is the inherent capacitance of the piezoelectric patch taken at constant stress (free). Or, using Eq. (4), the non-dimensional impedance can be written as:
Equation (7) can be rewritten as:
is the non-dimensional tuning ratio,
is the electrical resonance frequency,
is the resonance frequency of the mechanical system,
is the damping factor,
is the resonance frequency of the mechanical system, corresponding to the open circuit case, • K is the stiffness of the mechanical system,
is the stiffness of the piezoelectric patch
corresponding to the open circuit case, and
Hagood and von Flotow (1991) point out that the parameters δ and ξ are similar to those found for the DVA. Consequently, the series resonant shunt circuit can be designed by considering these similarities. Figure 5 illustrates the two above-mentioned configurations for vibration reduction purposes. 
Primary System The generalized electromechanical coupling coefficient is defined as:
where K is the ratio between the piezoelectric short circuit modal stiffness and the total system modal stiffness. Now, it is possible to compare the frequency response functions for the DVA and the RSP, as calculated for the primary mass for both cases:
Equations (10) and (11) highlight the similarities between the DVA and the RSP. It can be seen that the generalized electromechanical coupling coefficient, 2 K ij , for the system with RSP series is similar to the relationship between the mass of the DVA and the mass of the primary structure, μ , for the system with DVA. However, notice that the DVA operates by absorbing the kinetic energy associated to the vibration of the primary structure. The RSP, in a general way, dissipates a portion of the strain energy that is converted into electric energy. As a consequence, the optimal locations for each type of damping system are different: the DVA should be connected to a point of maximum displacement and the piezoelectric patch of an RSP should be bonded to a region of maximum deformation.
Similarly to the system with a DVA, the design of the optimal RSP series is obtained from the optimal tuning ratio, δ , and the optimal damping factor, ξ , for the system. Therefore, these expressions are as below: , for different values of ξ .
Similar to the system with a DVA, the two invariant points P and Q can be observed. Also, by increasing the value of the damping factor, the system behaves as a single degree of freedom one.
Finally, once the optimal parameters δ and ξ for the RSP series are obtained, it is possible to determine the optimal values for the inductor and resistor of the shunt circuit, from the following equations:
Parallel Resonant Shunt Circuit
The parallel resonant shunt circuit (see Figure 7) was first proposed by Wu (1996) , aiming at overcoming implementation difficulties of the series circuit. The practical aspects regarding the two circuit topologies will be discussed in the later sections. As in the series circuit, the analysis of the electrical circuit leads to the following equations: ( ) 1
Using Eq. (15) and the proper modeling of the single DOF system, it is possible to obtain the transfer function as:
Wu (1996) presents details for obtaining the optimal parameters of the circuit. Similarly to Hagood and von Flotow (1991) , he also makes use of the transfer function to draw his conclusions. This way, the expressions are: 
And consequently: Figure 8 shows the transfer functions of the system with an RSP parallel, adopting , , and considering the non-dimensional frequency 2 0.05
, for different values of ξ . 
Electric Analysis of the Shunted Piezoelectric Components
The following sections show the analysis of the piezoelectric patch and the synthetic inductors from the electrical viewpoint. For the piezoelectric patch, the associated impedance and its behavior are verified when bonded to a vibratory structure. Two basic types of synthetic inductors are presented.
The Piezoelectric Patch
As an example, the manufacturer (Mide Technology Corporation) provides the information presented in Tab. 3 about the ACX QP15N piezoelectric patch. However, for the system compound by an ACX QP15N bonded to a flexible beam as shown in Figure 9 , by using an impedance analyzer (Hewlett Packard HP4194A), a variation of the impedance with respect to the frequency is found, as shown by To validate the above-presented model, the ACX QP15N + beam system is tested using the setup shown in Figure 11 . A shaker excites the system according to a predefined frequency and amplitude. Therefore, according to the modeling of the piezoelectric device, the controlled voltage source (internal to the patch) also produces voltage. Electrically, the set constituted by the piezoelectric patch and load resistance forms a circuit characterized by a voltage source, a capacitor, a resistor and a load resistance, as shown in This way, the current and the electric power on LOAD R can be calculated by using the Ohm's law: 
The Resonant Shunt Circuit and the Synthetic Inductor
Equations (13) and (18) show that the values of the inductance are inversely proportional with respect to the angular frequency. In the real cases, the associated frequencies are relatively low. As a consequence, the resonant shunt circuits require large values for the inductance. These values would typically attain hundreds of henries. The weight and the volume of such inductors would make unfeasible the use of this technique. To overcome this limitation, synthetic inductors are obtained by using operational amplifiers, as in previous works (Riordan, 1967; Antoniou, 1969; Stephenson, 1985; Schaumann et al., 1990; Massara et al., 2000 and Park and Inman, 2003) . Even assuming different configurations, these circuits are known as synthetic inductors or gyrators. In the present contribution, two types of synthetic inductors were explored, namely the one proposed by Antoniou (1969) , and the other one based on Riordan (1967) . For the sake of simplicity, they are called Antoniou synthetic inductor and Riordan synthetic inductor, respectively. Figure 15 shows the synthetic inductor circuit as proposed by Antoniou (1969) . Riordan Synthetic Inductor Figure 16 shows the synthetic inductor circuit as proposed by Riordan (1967) . In despite of presenting a different topology, the equations for the input impedance are the same as those of the Antoniou synthetic inductor.
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Practical Aspects about the Synthetic Inductors
In order to test the performance of synthetic inductors at low electrical frequencies (as typically found in most mechanical systems), experiments simulating the resonant shunt circuit were performed. An RLC series filter was configured in this experiment by using the synthetic inductor together with a resistor , a capacitor and a signal generator (Brüel & Kjaer Sine/Noise Generator Type 1049). The filter is described by Eq. The signal generator introduces in the circuit a white noise of bandwidth 2Hz to 2kHz, with 1.25V of RMS value. The signals were acquired simultaneously in a sample of T=1.6s, with intervals of dt=0.78125ms. Then the maximum frequency analyzed is fmax=500Hz and the frequency resolution is df=0.625Hz. The transfer function was estimated by using 50 samples.
The capacitors and and the resistor were fixed to 108.5nF, 110.1nF and 9.98kΩ, respectively. Table 4 shows the values used for the remaining components along the experiments. In this case, the inductance is calculated according to the equation: Figure 18 and Figure 19 present the graphics of the amplitude, phase and coherence of the transfer function for the two types of synthetic inductors. A comparison between the two types of synthetic inductors does not allow any straightforward conclusion about the superiority of one with respect to the other. However, by taking into account the graphics of the module and phase, it is possible to notice good repeatability for the tests, since the resonance frequency remains approximately the same for all the experiments. The graphics of the coherence indicate that along the experiments the values of the coherence become worse, probably due to the values of the resistors. Finally, it is also possible to notice that the electric network available contaminates the experiments in 60Hz (used in Brazil) and in some other harmonics in all the experiments. Figure 18 and Figure 19 also show a discrepancy between the experimental results and the analytical model adopted for the RLC circuit, as described by Eq.(22). For example, in all cases the gains are not unitary in the resonant frequency. It can be concluded that the non-idealities of the synthetic inductor generate one or more parasite resistances associated with the equivalent inductor. Park et al (2003) discussed about an experiment that evaluates the impedance of the synthetic inductor. By using an impedance analyzer, it was shown the existence of a frequency dependent inherent resistance in the synthetic inductor.
In this work, it is desired to obtain an equivalent model for the synthetic inductor. To achieve this aim, four different configurations were tested as candidates for the equivalent circuit used in the experiments, as shown in Figure 20 . Experiment #4 for the Riordan synthetic inductor was arbitrarily chosen to check which model better describes the behavior of the real circuit. From a curve fitting procedure, it was possible to obtain the values of and , as presented in By analyzing Table 5 and Figure 21 , it can be concluded that the best representation of the real electrical circuit is given by the circuit (a), for which the synthetic inductor is characterized as a resistor R S in series with an equivalent inductor , as described by Eq. L (22). Circuit (d) presents very similar results, however, the value of the resistor is extremely high, suggesting that tends to infinite (open circuit). This characteristic automatically leads to the choice of circuit (a). In this work, the inherent resistance of the synthetic inductor is called . 
The results can be seen in Table 6 and Figure 22 . Both for the Antoniou and for the Riordan synthetic inductors, it is easy to notice that the value of the parasite resistance increases when the inductance values also increase. This behavior is quite linear along the analyzed range. This means that, by taking into account a pre-defined value for the capacitance, the RLC filters exhibit better performance when designed to operate at larger electrical resonance frequencies. This fact has a direct consequence in shunted piezoelectric applications, since the frequencies of interest in these cases are rather low from the electrical point of view.
Multiple Degree-of-Freedom (MDOF) Systems
Real systems are continuous and non-homogeneous, which means that an infinite number of degrees of freedom should be considered to represent them, accordingly. Therefore, the analysis of this type of systems is only possible through analytic (exact) models. Unfortunately, the solution of these models is not easily obtained. Thus, it is necessary to use approximate techniques that describe the behavior of the system by using a finite number of degrees of freedom (Maia and Silva, 1997) . To exemplify, consider the undamped N DOF system shown in Figure 23 . The equation of motion can be written in the matrix notation as:
By taking 0 = f , it is possible to obtain the modal model for the free system, which is commonly expressed by the following pair of NxN matrices:
The eigenvalues In order to find the FRF of the system, it is necessary to perform the following matrix transformations: The FRF that relates the acceleration obtained at the position i when an external force is applied at the position k is given by the following equation: 
For more details about MDOF systems refer to Maia and Silva (1997) .
Modeling of Shunted Piezoelectrics for MDOF Systems
As previously shown in Viana (2005) , it is possible to note the similarity between Eq. (5), which describes the system of 1 DOF containing the shunted piezoelectric device and Eq.(27), which describes a MDOF system. It can be observed that Eq. (27) takes into account the influence of the N modes in the system response.
This way, by considering the analyses above, the effect of the piezoelectric patches and their shunt circuits can be easily introduced in the MDOF system. This can be achieved by adding 
It is worth mentioning that and in Eq. (28) include the influence of the PZT (Pereira, 2003) . 
Optimal Design Strategy for Multimodal Shunted Piezoelectrics
Equation (28) shows that a modification introduced in any mode influences the FRF in the whole frequency band. This means that the effect of a resonant shunt circuit, tuned for a specific mode, does not influence only that single frequency, but the whole frequency band. Therefore, considering the design for multimodal passive vibration suppression systems, the circuits cannot be designed separately, using closed solutions, as for the single mode case. Thus, the most effective strategy should consider the influence of each mode and the band of interest. In this work, the design of the resonant shunt circuits is treated as an optimization problem, as presented in Steffen and Inman (1999) and Rade and Steffen (2000) .
For illustration, consider the situation shown in Figure 24 -(b) and described by Eq. (28). The response, ( ) ik H s , must be minimized over predefined frequency bands as chosen by the user. For example, in the case illustrated by Figure 24 and Figure 25 , the second and third modes were taken as target modes for attenuation purposes. Consequently, in the most general case, the system may have a group of N piezoelectric patches and their shunt circuits, each one tuned up for a different mode. Under these circumstances, the optimal design of shunt circuits consists of determining the value of each one of the N inductors and N resistors to be used in the shunt circuits.
Then, the optimization problem is defined as the minimization of the objective function given by:
subject to:
• p : is the number of values of • N : is the number of shunt circuits to be used.
The optimization task that defines the design of the shunt circuits is an example of direct problem. In spite of this, the use of classical optimization methods fails in many cases, due to local minima found in the design space. For this reason, in the present work, a natural optimization method was used, namely the LifeCycle Model, to be briefly reviewed in the following subsection.
LifeCycle Model -an Overview
LifeCycle Model (Krink and Løvberg, 2002 ) is inserted in the natural optimization context, in which Genetic Algorithms (GA) and Particle Swarm Optimization (PSO) also belong. In biology, the term refers to the passage through the phases during the life of an individual. As life phases, can be cited the sexual maturity and the mating seasons, for example. As it happens in nature, the ability of an individual to actively change its own phase or stage in response to its success in the environment is the main inspiration for LifeCycle. In fact, the idea behind LifeCycle is to use the transitions to deal with the mechanism of self-adaptation to the optimization problem. The fitness offers a criterion used by each individual to shift to another life stage. To close the definition, LifeCycle stages must be presented. In the present work, two heuristics are used as stages, namely the GA and the PSO. Other versions of the LifeCycle can be proposed by considering other heuristics and a mix of them, as shown in Krink and Løvberg (2002) .
Since the algorithm is composed by various heuristics, it is necessary to set the parameters of every heuristic used in the LifeCycle model. Nevertheless, there is a parameter inherent to the LifeCycle model, namely the number of iterations that represents a stage of the LifeCycle, called as stage interval. At the end of each stage interval, the less well-succeeded individuals must change their stage in order to improve their fitness. This means that the optimization approach does not follow a rigid scheme as proposed in Assis and Steffen (2003) , in which various techniques are used sequentially in a cascade-type of structure. In other words, it is the mechanism of self-adaptation to the optimization problem that counts.
It is important to notice that the algorithm can run in a parallel scheme, since the original population is divided in a subpopulation of PSO particles and another one of GA individuals. During the optimization procedure the agents of each subpopulation commute to the other in a way to improve its own fitness.
Details about GA are provided by Michalewicz (1994) and Haupt and Haupt (1998) , while PSO is comprehensively presented by Kennedy and Eberhart (1995) and Venter and Sobieski (2002) .
The outline of a basic LifeCycle algorithm is presented below: 1. Initialize the algorithm parameters for the PSO and GA. 2. Evaluate the fitness for all particles (PSO) and individuals (GA).If there is no recent improvement, switch the LifeCycle stage (change from GA to PSO or vice-versa). 3. For all PSO particles, run the PSO algorithm. 4. For all GA individuals, run the GA algorithm. 5. Go to step 2 and repeat until the stop criteria are achieved.
For more detailed information about LifeCycle Model the reader should refer to (Rojas et al., 2004) .
Experimental Results
Using a mechanical system composed by a flexible beam, two piezoelectric patches and their respective shunt circuits, it was possible to perform the experimental verification of the design methodology presented above. Figure 26 shows details of the experimental setup. Figure 26-(a) gives the configuration used for single mode vibration suppression, in which a single piezoelectric patch and shunt circuit are used. Figure 26-(b) shows the configuration for two modes, in which a pair of PZT patches and shunt circuits is needed. A pair of piezoelectric patches ACX QP10N (QP10N-11571 and QP10N-11573) was used in the experiments. As previously presented, the manufacturer furnished the information shown in Table 7 . However, as was done for QP15N, the values computed in the design of the shunted PZTs were obtained from tests by using the impedance analyzer Hewlett Packard HP4194A. The corresponding experimental data are illustrated in Figure 27 . In the design of the shunt circuits, it was considered that the capacitance of the piezoelectric patches that should be tuned by the inductor is (corresponding to the average value of the capacitances shown in 50.5033 nF PZT C = Figure 27 ).
Computational Model for the Mechatronic System
As stated above, the modal mass and modal stiffness of the system are required in the design of the piezoelectric passive damping device. For this aim, it was used the finite element method (FEM). Figure 28 shows the FEM model of the structure: Figure 28 -(a) presents a schematic representation of the system; Figure 28 - (b) shows details regarding the FEM model; and Figure 28 -(c) presents the degrees of freedom considered. The classical Euler-Bernoulli theory for modeling the beam was used. To validate the model, experimental tests were performed. Figure 29 illustrates the amplitudes of the FRF obtained through the computational and experimental models. It is possible to notice an agreement in the resonance frequencies. This means that it is possible to use the model above to design the parameters of the shunt circuits. To close the requirements for the design of the shunt circuits, Table 9 shows the generalized electromechanical coupling coefficients for the first three modes of the structure. 
Single Mode Case
Considering that the capacitance of the piezoelectric patch is and by choosing arbitrarily the QP10N-11571 PZT patch, the optimal parameters of the resonant shunt circuits for the first three vibration modes are presented in Tab. 10. As can be observed, the values of the inductors are extremely large, especially for the first mode. As previously announced in this paper, synthetic inductors are designed to overcome the problem of large inductance values. For the resistors, it is noticed that the parallel configuration leads to larger values than the series one. This means an advantage of the parallel topology as compared to the series one. Since synthetic inductor presents a parasite resistance, it creates a voltage divisor with the load resistor of the shunt circuit. Thus, in order to facilitate electric energy dissipation in the resistor designed for the shunt circuit, a smaller influence of the parasite resistance is necessary. This means that the parallel topology becomes more attractive than the series one. Consequently, in all the experiments presented in this work, it was used the parallel topology. Figure 30 shows the results of the experiments related to the vibration reduction of a single mode. For each mode considered, the response of the shunted PZT system is compared with the open circuit case. 
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Multiple Mode Case
As described previously, the design of shunt circuit parameters for the multimode case is treated as an optimization problem. The attenuation of the vibration in the neighborhood of the second and third modes is addressed in the present work. Table 11 gives the shunt circuit parameters as obtained by following the optimization strategy. Figure 31 gives the characteristics of the optimal design: Figure 31-(a) shows the frequency bands of the spectrum chosen to have their vibration amplitudes minimized; Figure 31 -(b) and (c) give the evolution of LifeCycle along the optimization process. It is important to point out the importance of the optimization process in the design of the parameters of the shunt circuits. In one hand, the parameters calculated by using the single mode formulation give the final value of the objective function equal to Table 12 presents the shunt circuit parameters, as obtained by using the optimization approach. Figure 33 shows the characteristics of the optimal design: Figure 33 -(a) exhibits the frequency bands of the spectrum chosen to have their vibration amplitudes minimized; Fig. 33-(b) and (c) give the evolution of LifeCycle along the optimization process. Figure 34 shows the experimental results for the second and third modes, obtained for the multimode case.
It is worth mentioning that the results concerning the multimode case take into account two piezoelectric patches bonded to the structure. Each patch is tuned to a specific mode. Consequently, the amount of energy dissipated through this system is larger than the one found for the single mode case (in which a single patch was used). 
Conclusions
The present contribution was dedicated to the study of passive vibration damping by using piezoelectric patches and resonant shunt circuits. The analytical model of the system shows that the general behavior of shunted piezoelectric systems is similar to the classical dynamic vibration absorber. This paper presented a complete study concerning resonant shunted piezoelectric, including the analytical and experimental aspects together with the synthetic inductor design. This was intended to offer a complete study regarding resonant shunted piezoelectric, allowing further implementations by the interested reader. Besides, the study devoted to the multimode case as developed by the authors represents a more realistic approach. It should be considered that the multimode case is not a simple extension of the single mode case. Also, the use of optimization techniques can be considered a valuable contribution because no closed solution can be derived for the multimode case. The optimization results were validated experimentally. It was observed that it is possible to obtain closed form solutions for the shunt parameters only in the case of single mode attenuation. An important aspect is that the multimode technique is mandatory in a great number of real situations, in which the modes are quite close in the frequency spectrum. In such cases the influence of each mode in the response cannot be discarded. It was necessary to design synthetic inductors based on operational amplifiers, to avoid cumbersome traditional inductors. Details were given about the
